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PROPAGATION OF PLANE SURFACE WAVES OVER AN UNDERWATER OBSTACLE
AND A SUBMERGED PLATE

I. V. Sturova UDC 532.59%9

The investigation, in the linear formulation, of wave diffraction by bottom irregulari-
ties with shadow zones, begun in [1], is continued. A rectangular underwater obstacle with
a "1id" and a rigidly clamped horizontal plate (Fig. 1) are considered.

Wave scattering by an ordinary rectangular obstacle (without a "1id") has been studied
in detail, both theoretically [2-5] and experimentally [6]. In [5] it is assumed that away
from the obstacle the fluid is infinitely deep. Wave scattering by a horizontal plate on a
free surface was examined in [3, 7].

1. Waves are propagated in a layer of ideal incompressible liquid of depth H;, on the
bottom of which lies a rectangular obstacle with a "1id" in the form.of an infinitely thin
rigid horizontal plate (Fig. la). This plate is located at a depth H, below the free sur-
face. The length of the plate L may be greater than the base of the obstacle AB, so that on
the left and right of the obstacle there are cavities of length %; and %,, respectively. The
coordinate system is so chosen that the x axis coincides with the undisturbed level of the
free surface, and the y axis is directed upwards through the left-hand end of the 1lid. The
motion of the fluid is assumed to be potential everywhere except at the corner points.

The approaching wave travels in the direction of the positive x axis and is determined

. iagchk (y+ H .
by the velocity potential ®,(z,y,t)=y(z, y)exp(— ict), where cpoz—m—é—wlg,-H—’) exp(ik,z); a and o
¢ A, :

are the amplitude and frequency of the wave, and g is the acceleration of gravity; the wave
number k,; is determined from the equation

g% = gklthklgl' (101)
Here and in what follows in all the expressions containing the factor exp(—ioct) only the real
part has physical significance.

We will consider steady waves and seek the velocity potential of the disturbed flow in
the form #(x, y, t) =¢(x, y)exp(—iot). In order to determine ¢(x, y) we must solve the
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problem
Ap =0 (z, y=9), (1.2)
o’ — gdo/oy = 0 (y = 0), d¢/on = 0 (on the solid boundaries),
where S is the domain occupied by the fluid, and n is the normal to the bottom. The reflected

and transmitted waves must satisfy the radiation conditions as [x| > .

For solving the problem (1.2) we will use a matching method similar to that used in [1I,
2]. The domain S is divided into five rectangular parts:

Sy = [—oo <z <0, —H, <y<0],
S:=0<z< L, —H, <y<0l
Sy = [L<z<<oo, —H, <y <0,
S, =0<e<l, —H, <y<—H,)],
S;=IL-L<a<L, —H, <y —H,],

(1.3)

in each of which ¢ (%, y) is denoted bycpj(x, y) (3 =1, ..., 5). We will seek the functions
¢; in the form of an expansion in the eigenfunctions of the corresponding boundary value
problems:
@1 = Qo + Ayexp(—ikz) Y, (y) + 2 Apexp (kinz) Yin (),
n=1
¢y = [ By exp (ikyr) + Cyexp (— ikya2)] Y, (y) +

=2
i

+ (B exp (kanz) + Crn exp (— kpn2)] Yan (9),

1

¢ = Dy exp (i) Yy (y) +?§1 Dy exp (— kin) Y 1n (y), (4
¢, = 0y + mgl Om B Bm (I, — ) c0s B (y + Hy)s
B = Yo+ 3 Tmchbin(s — L+ ) cos Py -+ ).
Here By = mm/h; h = H, — Hy; and k;y (n =1, 2, ...) are the roots of the equation
o* = —gktghH,. (1.5)

The quantities k, and k,, are determined from the Egs. (1.1) and (1.5) with H, replaced
by H,. The eigenfunctions Yj, Yi, (i = 1, 2) are orthogonal and normalized as follows:

chk; (v + H;)

i

Yi{y)=

2

0
L A= s ki (y + Hidy,
H.
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0

cosk,;, (v +H; '

Yin(y) = —.Vn_\(——)’ Ain = J cos® kin (y -+ H;) dy.
“Tin —Hz

Because of the continuity of the motion in the domain S on the boundary of the domains Sj,

pressure and horizontal velocity matching conditions are imposed, from which it follows that:
when x = 0

Q1 = §gy 09)/0z = 0,/0r (—H, <y < 0),
§1 = @y, 090z = 09, /0x (—H, <y << —H,),

and when x = L

92 = 93, 0G;/0z = dz0r (—H, <y < 0),
3 = @5, 0y0z = 0¢5/0z (—Hy <y < —H,).

Using the reduction method, we replace the infinite series in (1.4) by finite sums with N and
M terms, respectively. The matching conditions (1.6) are integrally satisfied, i.e., they
are successively multiplied by the eigenfunctions Yj, Yi, (n =1, ..., N), and cospBy(y + H;)
(m=1, ..., M) and integrated over the interval —H; < y < 0 (for further details see [1]).
The constants op and yy, may conveniently be expressed in terms of the remaining unknown com-
plex constants, and the problem finally reduces to the numerical solution of a system of 4 +
4N linear equations.

2. Wave propagation in the presence of a submerged horizontal plate (Fig. 1b) differs
from the case of a rectangular obstacle mainly in that the fluid is able to flow beneath the
plate. In order to solve this problem we divide the flow domain S into four rectangular
parts, of which S;, S,, and S; coincide with those introduced in (1.3), while S, = [0 < x <
L, —H; < y £ -H,]. The function ¢, is found in the expanded form:

@y =%+ bz + X (0 shPuz + Y ch Bruz) cos P (y + H)). (2.1)
m=1

The functions ¢, @, @3 coincide with (1.4). A particular case of this problem is that of a
plate on the free surface (H, = 0). Then the flow domain can be divided into parts S;, Sj,
and S,, in which the solution is represented by expressions (1.4) for ¢: and ¢, and (2.1)
for ¢, with Bp = mn/H;. The method of solution is similar to that of Sec. 1 and the problem
reduces to a system of 4 + 4N linear equations for a submerged and 2 + 2N equations for a
floating plate.

The approximation in which the infinite sums in (1.4) and (2.1) are not taken into ac-
count is often used for investigating wave diffraction by rectangular obstacles. The problem
is then easy to solve analytically and, in particular, for the characteristics of the re-
flected and transmitted waves we have the expressions

Ay =iT[2Q0Z(1 — cos8) — (1 — Z%sin 0], Dy = 2T (Qsinb + Z), (2.2)
ochk H
where (45, Dy) = TVTT (4ys exp (ik,L) Dy),
B i |

T = sinB[isin® - Z(1 — cos8)|sinB(i — 2Q) — Z(1 -+ cos§)]1,
sh’k h k k,sh®k b

O0="hrLl, Q=—>—, = 212 1
LhE3A, AA, (Ag —_ki)

The reflection and transmission coefficients R and T are determined as follows:

o ch * *
(R, T)=7g—17k%(!Ao|»\Dol)=(|AoLlDol)-
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In this approximation the horizontal flow velocity beneath the plate

obH H shkh .
% 1 1 1 . —
b =— —lehchkllil(D" A5 —1). (2.3)

In the long-wave approximation (k,H;, k,H, » 0) in expressions (2.2) we must use

h H,
Q= —F— Z=1/ 3 (2.4)
Lk, H A, H, ]/gH
For a floating plate expressions (2.2) can be considerably simplified: 45 = 55%:? Dy =:Z§¥%7”

and the reflection and transmission coefficients and the modulus of the horizontal velocity
take the form:

20 by _ 2R, (2.5)
Vi1 LV i+ 1 ’

R——rl _ 7=

In the long-wave approximation these expressions give the well-known relations [7]:

T 2

Re—e—_°% =
Viye' Viyer

¥ | =

LV (C—GL/VgH )- (2.6)

From relations (2.2) it is also easy to obtain the results of this approximation in the
case of a rectangular obstacle; in this case the water cavities S, and Sg; are unimportant.

For a rectangular obstacle we must set Q = 0; then Ay * = i(1 — 22)/d, D,* = — 2Z/dsin9 (d =
1+ 2722 + 2iZ/tan8). The reflection and transmission coefficients take the form:
R=j(1 —2)sin®, T = 2/Z (f = [42% - (1 — Z%)sin®0]-12). 2.7)

In order to obtain the long-wave approximation it is necessary to take the representa-
tion (2.4) for Z in (2.7). We note that the two approximate solutions obtained for a rec-
tangular obstacle are identical to the results given in [1] for a trench.

3. In the numerical calculations we determined the reflection and transmission coeffi-
cients, the constant component of the horizontal velocity for the plate, and the kinetic
energy of the fluid enclosed in the cavities. In the case of a rectangular obstacle the ki~
netic energies Eg; and Eg, in the domains 8§, and S5, respectively, averaged over the oscilla-
tion period and divided by the length h, are written as follows:

< . 3.1
Em=—m<(5 0, >=%glﬁmiamlzsllzﬁmz1; G.D
1, N
oD
Ek2=_2%<5‘ (D5—(7;5—dy>:.% Eﬁm,YMIQShZﬁmZZ, (3°2)
—H, m=1

where p is the density of the fluid, and < > denotes averaging with respect to time; the
integration is carried out at x = 0 for Ex; and x = L for Ey,. The ratio of these quantities
to the energy of the approaching wave per unit length Ep = pga?/4 is equal to Ej = Exi/Ep(i =
1, 2).

In the case of a submerged plate by analogy with (3.1)

Eklz‘_"g“'(2§o+ Egmﬁm>v (3.3)
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TABLE 1
H,/h
Ny M 0,05 0,1 0,15 0.2
R-10 |Ey-10t | E,-10 | R10 |E,-10% | Ep100| Ro10 |Eoo102| B0t | R-10 B, 100 | E,e102
7:4014,065] 8,05 |1,105|5,159| 3,84 | 8,24 4,258 | 4,06 | 7,31 [1,063| 6,16 | 6,75
7:80 {4,064 8,06 | 1,406 | 5159 3,84 | 8,25 {4,257 | 4,06 | 7,32 {1,062 | 6,17 | 6,76
10; 40 | 4,089 | 7,22 | 1,001 | 5,488} 3,38 | 7,47 |4,308 | 3,56 | 6,63 11,452 ] 5,54 | 6,15
15:40 14,409 | 6,96 10,969 | 5,213 | 3,23 | 7,21 4,352 | 3,39 | 6,39 | 1,232 | 5,31 | 5,95
20; 40 { 4,419 6,79 (0,947 | 5,225 | 3,43 | 7,05 | 4,373 | 3,28 | 6,24 {1,272 | 5,16 | 5,82
20,804,118 | 6,82 | 9,952 | 5,224 3,15 | 7,08 14,372 3,30 | 6,27 | 1,269 | 5,49 | 5,85
and in (3.2) &; must be replaced by ¢,:
Bro = fr {4L10P +8)+ 3 Bnl(]cm [+ 7m[*) sh 2L + Zon ch 2L, (3.4)
m==1

Here £, = a,Ibr + a,ibi; Em = ot Ym® + amiymi; the superscripts r and i denote the real and
imaginary parts.

The convergence of the numerical results as a function of the number of terms retained
in the expressions (1.4) and (2.1) is given in Tables 1 and 2 for a rectangular obstacle and
a plate, respectively. The value of the reflection coefficient R, the modulus of the veloc-
ity |b*| and the energies E; and E, were obtained for H,/H; = 0.2, L/H; = 5, ¢,/H; = 1, 2,/
H, = 4, and various values of N and M as a function of the ratio H,/A, where A = 2n/k; is the
length of the incident wave. Clearly, a change in M has almost no effect on the results,
whereas varying N can have a marked effect, especially on the energy characteristics. How-
ever, for practical purposes a value N = 10-15 is sufficient.

In [3] it is noted that for a plate floating at the free surface over the entire wave
number interval the reflection coefficient in the complete solution is in fairly good agree-
ment with the long-wave approximation (2.6) even when L/H; > 2. We were able to confirm this
conclusion. On the interval in question for the reflection coefficient the complete solution
coincides with the approximations (2.5), (2.6); however, a considerable discrepancy is ob-
served on the short-wave interval for the value of the horizontal velocity. Figure 2 shows
the function Ib*] for L/H, = 5, 10, and 15 (curves 1-3). The continuous curves correspond
to the numerical solution with N = 10, M = 40, the broken curves to the approximation (2.5},
and the chain curves to the approximation (2.6). In the long-wave approximation (2.6) the
modulus of the horizontal velocity tends to a constant value as the length of the incident
wave decreases, whereas in the approximation (2.5) and the numerical solution a decrease in
velocity is observed..

Figure 3 gives the values of R and [b*l for a submerged plate (Fig. 3a, b) and R for a
rectangular obstacle (Fig. 3c) when H,/H, = 0.2, L/H; = 5, &; = %, = 0, N =15, and M = 40.
The curves are distinguished in the same way as in Fig. 2. An interesting feature of the be-
havior of these curves is their nonmonotonic dependence on the length of the approaching wave
and the fact that, although the locations of the transmission windows almost coincide (ex-
cept for the first value), the local maxima of the reflection coefficient differ in the case
of a rectangular obstacle and a plate. For a plate with the given initial parameters when
H;/X = 0.06 almost total reflection is observed, while for a rectangular obstacle the maximum
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value of R is only 0.66 and corresponds to H,/} = 0.02. We note that in the case of a rec-
tangular obstacle and a trench (see, for example, [1]) the qualitative behavior of the re-
flection and transmission coefficients is the same. In both cases for the complete solution
the local maxima of R decrease monotonically (and hence the local minima of T increase) as
the length of the approaching wave decreases, whereas the long-wave approximation gives con-
stant values, and the approximation (2.7), although it reflects the decrease in R, makes it
more intense than in the numerical solution. In the case of a submerged plate the decrease
in the local R maxima is nonmonotonic, as can also be observed in both approximations. The
horizontal velocity of the flow beneath the plate also oscillates but with twice the period
of the reflection coefficient, the difference between the numerical solution and the approx-
imation (2.3) being less perceptible than for the reflection coefficient. As in the case of

a trench, the approximation (2.2) gives fairly accurate results only for relatively small
differences in the depths H; and H,.

In Fig. 4 we have plotted the reflection coefficients for a rectangular obstacle with
different water cavity dimensions and the same values of the other parameters as in Fig. 3c:
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1) &, = SH;, %, = 0 (white circles), 2)4; = &, = 2.5H; (black circles). We note that the
variant %2; = 0, £, = 5H; almost coincided with case 1 and the variant %; = &, = H; with 2.
The curve corresponds to the variant £, = £, = 0. The effect of the cavities on the diffrac-
tion characteristics is weak and for relatively long waves almost nonexistent. As the depth
of the obstacle increases, the influence of the cavities decreases. The behavior of the dy-
namic pressure in the cavity of an obstacle similar in shape to case 1 was investigated in
[8]. It was shown that the pressure varies only at the inlet to the cavity.

The behavior of the kinetic energy (3.1)-(3.4) for a plate and a rectangular obstacle
is illustrated in Figs. 5a and 5b for H,/H; = 0.2, L/H; = 5, and &; = &, = 2.5H,. The con-
tinuous curve represents the values of E;, the broken curve those of E,. The sharp increase
in E; for a plate (Fig. 5a) when H;/A = 0.06 corresponds to the total reflection regime for
the incident wave in question. As the depth of the plate increases, this effect disappears
and the energy characteristics decrease considerably. In the cavities of the obstacle the
values of the kinetic energy are much smaller, and the local maxima of E; and E, correspond
to the transmission windows in the same way as in wave propagation over a trench [1]. We
note that values of E; and E, very similar to those presented in Fig. 5b are observed when
£; = L, = H; and, moreover, similar values of E; when £; = 5H;, %, = 0 and of E, when &, = 0,
2;2 = SH]_.

Our investigations of wave scattering by various rectangular obstacles confirm the wide
possibilities of varying the characteristics of the reflected and transmitted waves by vary-
ing the geometry of the obstacle.
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